We first show the scale separation property of envelope inversion. The nonlinear envelope extraction provides a nonlinear scale separation of the information contained in the waveform data, which can reduce the local minima in the misfit function and can be used to recover the largescale component of the model. The misfit configuration tests show that the misfit for envelope data has no local minima. Also, we further show the noise resistant property of this method. Numerical examples show that envelope inversion is to some extent resistant to seismic interference noise.
Introduction
Several approaches have been developed to overcome the problem of local minima and the difficulty of recovery the long wavelength components in FWI (full waveform inversion). Bunks et al. (1995) introduced multiscale FWI, where the inversion is done from low frequency to high frequency. Frequency domain inversion is an intrinsic multiscale approach (Pratt, 1999; Pratt and Shipp, 1999) . Brenders and Pratt (2007) used complex-valued frequencies to ease the local minima problem. However, the recovery of long wavelength components depends on the availability of low-frequency signal in seismic source. The generation of low-frequency signal below 5Hz is very expensive. Therefore, effort has been focused to the recovery of long wavelength background without very low frequencies. Travel time inversion (Dines and Lytle, 1979; Paulsson et al., 1985; Luo and Schuter, 1991; Woodward, 1992) and migration velocity analysis (Liu and Bleistein, 1995; Biondi and Sava, 1999; Shen and Symes, 2008; Xie and Yang, 2008) are two traditional methods. In recent years, Shin and Cha (2008) developed Laplace domain FWI which can give a smooth background from an inaccurate initial model. Later, they extended this method to LaplaceFourier domain (Shin and Cha, 2009) . Liu et at. (2011) proposed the normalized integration method. There are also some methods which combine waveform inversion and some other techniques. For example, Zhou et al. (1995) used traveltime and waveform inversion. Biondi and Almomin (2012) and Almomin and Biondi (2012) combined waveform inversion with wave-equation migration velocity analysis. Wang et al. (2012) combined wave equation tomography and full waveform inversion.
Last year, we Luo and Wu, 2013) proposed the envelope inversion method which is very efficient for recovering the large-scale component of the model. In this paper, we further discuss the nonlinear scale separation property and misfit configuration of envelope inversion. We also show the noise resistant of this method to seismic interference noise. Numerical tests showed that envelope inversion can greatly reduce the local minima and to some extent is resistant to seismic interference noise.
Review of envelope inversion method
In envelope inversion, the misfit function is defined as the envelope misfit 
where d is the envelope-function, which is also represented by 2 e , E is the instant envelope data residual.
The envelope of signal ( ) f t is extracted by using Hilbert transform:
where e(t) is the envelope of signal ( ) f t , and H{ f (t)} is the Hilbert transform of ( ) f t . Then equation (1) 
where u and y are the observed and synthetic waveforms respectively, H u and H y are the corresponding Hilbert transform.
Consider velocity v as the model parameter. The derivative of σ with respect to v is:
Introduce two new vectors F and γ , where
So equation (4) can be expressed as:
From equation (6) we can see that envelope inversion can also be realized by using backpropagation method as in the conventional waveform inversion (Tarantola, 1984) .
Nolinear scale separation by envelope operator
It is well-known that seismic data has a wavenumber gap in terms of subsurface structure inversion. For surface reflection survey with limited acquisition aperture, the gap is mainly caused by the lack of low-frequencies in source spectra (Baeten, et al., 2013) . The linear scale separation is usually realized by a multi-scale inversion and the expensive low-frequency source is a critical armament for success. Here we discuss the nonlinear scale separation through envelope operator. To simplify the analysis, we mainly discuss the scale response for vertical structural variations as in previous discussions (Jannane, et al., 1989; Baeten, et al., 2013) . By extracting the envelope, we can separate the large-scale response coded in the envelope from the waveform data which are the band-limited response to the medium perturbation. Figure 2 (a) shows the comparison of waveform spectrum (blue line) and envelope spectrum (red line) for the Marmousi data with a full Ricker source. We also plot the average medium velocity spectrum (thin grey line) and the average velocity perturbation (medium velocity subtracts the background velocity which is a 1-D linear model) spectrum (dotted line). In order to see the correspondence of medium wavenumber spectra to the data frequency spectra, we perform a z-t transform using the known velocity structure. The medium spectrum is the average over all the vertical profiles. From Figure 5 (a), we see that for the waveform data, the low-frequency spectral components are missing so the long-wavelength part of the perturbation spectrum is not covered. Meanwhile we see the complimentary role of envelope data which has strong low-frequency but very weak high-frequency components. This property of the envelope function can reduce the cycle skipping and local minima problems of waveform data and can recover the long-wavelength components of the perturbation structure.
In Figure 2 (b) we plot the case using a low-cut Ricker source filtered with a 5 Hz low-cut taper. We see very little energy exists below 5 Hz for the waveform data. However, the spectrum of the envelope data does not show too much difference from the full-band source case. This demonstrates the nonlinear nature of the envelope extraction, which does not have the linear correspondence between the source spectrum and the data spectrum.
Misfit function configuration
The test models (Figure 1) are the full Marmousi model, its top left corner, and its top right corner respectively. The misfit function is a function of velocity model, which varies in the multi-dimensional parameter space. In order to show the behaviors of the misfit, we simplify the multidimensional space into a 2-dimensional space. We first decompose the models v true (x) into a background x . We keep Vmin as 1.5km/s, and change Vmax from 2.5 to 7.5 km/s, and changeα from 10% to 300%. By summing the background and the perturbation, we get a series of trial models. We calculate the waveform and envelope data from the true model and the trial models. The misfit for each trial model is then obtained. Figures 3, 4 , 5 show the misfit configurations for the three models. We see that for the waveform misfit, besides the global minimum, there are some local minima, which will lead the inversion to wrong results. While for the envelope misfit, there is only a global minimum. So using envelope inversion can avoid or reduce the local minimum problem. 
Study on noise resistance of envelope inversion
In last year, we have shown that envelope inversion is resistant to white Gaussian noise. In this study, we further investigate the influence of other noises, such as the seismic interference (SI). We invert Marmousi velocity model starting from a 1-D linear initial model. The source wavelet is the Ricker wavelet with a dominant frequency of 10Hz. There are 50 shots and 228 receivers equally spaced on the surface. SI usually comes from others sources operating in the same area. To simulate SI, we put another source behind the 50 th shot, on the right side of the surface. (d) are the results when the SNR is 2, 1, 0 respectively. When the SNR is 2, we see the result is almost the same as (a). When the SNR is 1, the result is affected a little, however we can still see the large-scale component. When the SNR is 0, the noise is too strong (same level as the data). We see that the envelope inversion is affected very much, and we can only see some structures in the very shallow part. Figure 8 shows the final EI+FWI
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results using envelope inversion results in Figure 7 as initial model. We can see when the SNR are 2 and 1, the final EI+FWI results are as good as the situation without noise. When SNR=0, we see that in this case the result has converged to a local minimum.
From the above test we can see that envelope inversion is very useful to recover the large-scale component of the model, and is somewhat resistant to SI noise, and has potential to apply to noisy data.
Conclusion
In this paper, we showed the nonlinear scale separation property and misfit configuration of envelope inversion.
Envelope extraction provides a nonlinear scale separation of the information contained in the waveform data, and can be used to reduce the local minima and recover the largescale component of the model. Numerical tests also show that envelope inversion is to some extent resistant to seismic interference noise.
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